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Problem definition

Problem definition

divvvv = 0

− div T = fff , TT = T

T = −πI + S(π,Dvvv)

vvv
∣∣
ΓD

= 000 and − Tnnn
∣∣
ΓP

= bbb

Weak formulation

(q, divvvv)Ω = 0 ∀q ∈ . . . 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈fff ,www〉Ω − 〈bbb,www〉ΓP

∀www ∈ . . . 3 vvv
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Problem definition

(q, divvvv)Ω = 0 ∀q ∈ Lp′
(Ω) 3 π

(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈W1,p
b.c(Ω) 3 vvv

Assumption (A1)
∂S(π,D)

∂D
∼ (1 + |D|2)

p−2
2 p ∈ (1, 2)

=⇒
|S(π,D)| ≤ σ1

p − 1
(1 + |D|)p−1

S(π,D) : D ≥ σ0

2p
(|D|p − 1)
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Discrete solutions: Existence

(qh, divvvvh)Ω = 0 ∀qh ∈ Qh 3 πh

(S(πh,Dvvvh),Dwwwh)Ω − (πh, divwwwh)Ω = 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvh

Discrete solutions

πh =
∑Nh

i=1 c i
hα

i
h ∈ Qh ⊂ Lp′(Ω)

vvvh =
∑Nh

i=1 d i
haaa

i
h ∈ XXX h ⊂W1,p

b.c.(Ω)

P : R2Nh → R2Nh

Pi (ccch,dddh) :=
(
αi

h, divvvvh

)
Ω

PNh+i (ccch,dddh) :=
(
S(πh,Dvvvh),Daaai

h

)
Ω
−
(
πh, divaaai

h

)
Ω
− 〈−bbb + fff ,aaai

h〉
P(ccch,dddh) = 000
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Discrete solutions: Existence

(qh, divvvvh)Ω = 0 ∀qh ∈ Qh 3 πh

(S(πh,Dvvvh),Dwwwh)Ω − (πh, divwwwh)Ω = 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvh

Test by solution

(πh, divvvvh)Ω − (πh, divvvvh)Ω = 0

(S(πh,Dvvvh),Dvvvh)Ω ≥ C‖Dvvvh‖pp − C

=⇒ P(ccch,dddh) · (ccch,dddh) ≥ C‖Dvvvh‖pp − C .

no information about pressure
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Discrete solutions: Existence

δ2
(
qh, π

δ
h

)
Ω

+
(
qh, divvvvδh

)
Ω

= 0 ∀qh ∈ Qh 3 πδh(
S(πδh ,Dvvvδh),Dwwwh

)
Ω
−
(
πδh , divwwwh

)
Ω

= 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvδh

Pi (ccch,dddh) :=
(
αi

h, divvvvh

)
Ω

+ δ2
(
αi

h, πh

)
Ω

=⇒
P(ccch,dddh) · (ccch,dddh) ≥ C‖Dvvv δh‖pp − C + ‖δπδh‖2

2

=⇒
∃ (πδh,vvv

δ
h) ∈ Qh ×XXX h

‖vvv δh‖
p
1,p + ‖S(πδh,Dvvv δh)‖p

′

p′ + ‖δπδh‖2
2 ≤ C 6= C (δ, h)
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Discrete solutions: Existence

δ2
(
qh, π

δ
h

)
Ω

+
(
qh, divvvvδh

)
Ω

= 0 ∀qh ∈ Qh 3 πδh(
S(πδh ,Dvvvδh),Dwwwh

)
Ω
−
(
πδh , divwwwh

)
Ω

= 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvδh

Assumption: inf-sup condition

0 < β ≤ inf
qh∈Qh

sup
wwwh∈XXX h

(qh, divwwwh)Ω

‖qh‖t′‖wwwh‖1,t
t = p, 2
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Discrete solutions: Existence

δ2
(
qh, π

δ
h

)
Ω

+
(
qh, divvvvδh

)
Ω

= 0 ∀qh ∈ Qh 3 πδh(
S(πδh ,Dvvvδh),Dwwwh

)
Ω
−
(
πδh , divwwwh

)
Ω

= 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvδh

Assumption: inf-sup condition

0 < β ≤ inf
qh∈Qh

sup
wwwh∈XXX h

(qh, divwwwh)Ω

‖qh‖t′‖wwwh‖1,t
t = p, 2

=⇒ uniform estimate for pressure

β‖πδh‖p′ ≤ ‖S(πδh,Dvvv δh)‖p′ + ‖ − bbb + fff ‖ ≤ C
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Discrete solutions: Existence

δ2
(
qh, π

δ
h

)
Ω

+
(
qh, divvvvδh

)
Ω

= 0 ∀qh ∈ Qh 3 πδh(
S(πδh ,Dvvvδh),Dwwwh

)
Ω
−
(
πδh , divwwwh

)
Ω

= 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvδh

Existence of a discrete solution
Finite dimension!

vvv δh → vvvh strongly in XXX h

πδh → πh strongly in Qh

S(πδh,Dvvv δh)→ S(πh,Dvvvh) strongly in Lp′(Ω)d×d
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Uniqueness — formally:

Let π1, π2 be two pressure field:

π1 − π2 = (−∆)−1 div div
(
S(π1,Dvvv)− S(π2,Dvvv)

)
= (−∆)−1 div div

(
(π1 − π2)

ˆ 1

0

∂

∂π
S(π̂(s),Dvvv) ds dxxx

)
=⇒

‖π1 − π2‖q . ‖ ∂∂πS(π̂(s),Dvvv)‖∞‖π1 − π2‖q
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Assumption (A2) ∣∣∣∣∂S(π,D)

∂π

∣∣∣∣ ≤ γ0(1 + |D|2)
p−2

4 ≤ γ0

=⇒
d(vvv ,www)2 :=

ˆ
Ω

ˆ 1

0

(
1 + |Dwww + s(Dvvv −Dwww)|2

) p−2
2 |Dvvv −Dwww |2 ds dxxx

d(vvv ,www)2 ≤ 2
σ0

(S(π,Dvvv)− S(q,Dwww),Dvvv −Dwww)Ω +
γ2

0

σ2
0
‖π − q‖2

2

‖S(π,Dvvv)− S(q,Dwww)‖2 ≤ σ1d(vvv ,www) + γ0‖π − q‖2

‖Dvvv −Dwww‖2
p ≤ d(vvv ,www)2‖1 + |Dvvv |+ |Dwww |‖2−p

p ≤ C d(vvv ,www)2
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Uniqueness

π1, π2 ∈ Q ⊆ Lp′(Ω)

vvv1,vvv2 ∈ XXX ⊆W1,p
b.c.(Ω)
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Uniqueness(
S(π1,Dvvv1)− S(π2,Dvvv2),Dwww

)
Ω

=
(
π1 − π2, divwww

)
Ω

∀www ∈ XXX
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Uniqueness(
S(π1,Dvvv1)− S(π2,Dvvv2),Dwww

)
Ω

=
(
π1 − π2, divwww

)
Ω

∀www ∈ XXX

Test by solution(
q, divvvv1

)
Ω

=
(
q, divvvv2

)
Ω

= 0 ∀q ∈ Q(
S(π1,Dvvv1)− S(π2,Dvvv2),Dvvv1 −Dvvv2

)
Ω

= 0

d(vvv1,vvv2) ≤ γ0

σ0
‖π1 − π2‖2
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Uniqueness(
S(π1,Dvvv1)− S(π2,Dvvv2),Dwww

)
Ω

=
(
π1 − π2, divwww

)
Ω

∀www ∈ XXX

C ‖Dvvv1 −Dvvv2‖p ≤ d(vvv1,vvv2) ≤ γ0

σ0
‖π1 − π2‖2

Use inf-sup condition

β ‖π1 − π2‖2 ≤ ‖S(π1,Dvvv1)− S(π2,Dvvv2)‖2

≤ σ1d(vvv1,vvv2) + γ0‖π1 − π2‖2

≤ γ0

(
1 +

σ1

σ0

)
‖π1 − π2‖2
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Both discrete and contin. solution: Uniqueness

(q, divvvv)Ω = 0 ∀q ∈ Q 3 π
(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈ XXX 3 vvv

Uniqueness

γ0 < β
σ0

σ0 + σ1
=⇒ ‖π1 − π2‖2 = ‖Dvvv1 −Dvvv2‖p = 0
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Both discrete and contin. solution: Convergence

(qh, divvvvh)Ω = 0 ∀qh ∈ Qh 3 πh

(S(πh,Dvvvh),Dwwwh)Ω − (πh, divwwwh)Ω = 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvh

Convergence of discrete solutions

We observed
‖vvvh‖1,p + ‖S(πh,Dvvvh)‖p′ + ‖πh‖p′ ≤ C 6= C (h)

=⇒ vvvh ⇀ vvv weakly in W1,p
b.c.(Ω)

πh ⇀ π weakly in Lp′(Ω)

S(πh,Dvvvh) ⇀ S weakly in Lp′(Ω)d×d

=⇒ divvvv = 0 a.e. in Ω(
S,Dwww

)
Ω
− (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈W1,p

b.c.(Ω)
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Both discrete and contin. solution: Convergence

(qh, divvvvh)Ω = 0 ∀qh ∈ Qh 3 πh

(S(πh,Dvvvh),Dwwwh)Ω − (πh, divwwwh)Ω = 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvh

Convergence of discrete solutions

(S(πh,Dvvvh)− S(π,Dvvv),Dvvvh −Dvvv)Ω

= (S(πh,Dvvvh),Dvvvh)Ω −
(
S,Dvvv

)
Ω

+ o(1)

= 〈−bbb + fff ,vvv〉 −
(
S,Dvvv

)
Ω

+ o(1)

= o(1)

=⇒ d(vvvh,vvv) ≤ γ0

σ0
‖πh − π‖2 + o(1)
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Both discrete and contin. solution: Convergence

(qh, divvvvh)Ω = 0 ∀qh ∈ Qh 3 πh

(S(πh,Dvvvh),Dwwwh)Ω − (πh, divwwwh)Ω = 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvh

Convergence of discrete solutions(
S(πh,Dvvvh)− S,Dwwwh

)
Ω

= (πh − π, divwwwh)Ω ∀wwwh ∈ XXX h

C ‖Dvvvh −Dvvv‖p ≤ d(vvvh,vvv) ≤ γ0

σ0
‖πh − π‖2 + o(1)

β ‖πh − π‖2 ≤ sup
wwwh∈XXX h

(πh − π, divwwwh)Ω

‖wwwh‖1,2
+ (1 + β) inf

qh∈Qh

‖qh − π‖2

=
(πh − π, divwwwh)Ω

‖wwwh‖1,2
+ o(1), wwwh ⇀ 0 weakly in W1,2(Ω)

≤ ‖S(πh,Dvvvh)− S(π,Dvvv)‖2 + o(1)

≤ σ1d(vvvh,vvv) + γ0‖πh − π‖2 + o(1)

≤ γ0

(
1 +

σ1

σ0

)
‖πh − π‖2 + o(1)
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Both discrete and contin. solution: Convergence

(q, divvvv)Ω = 0 ∀q ∈ Lp′
(Ω) 3 π

(S(π,Dvvv),Dwww)Ω − (π, divwww)Ω = 〈−bbb + fff ,www〉 ∀www ∈W1,p
b.c(Ω) 3 vvv

Convergence of discrete solutions

γ0 < β
σ0

σ0 + σ1
=⇒ ‖πh − π‖2 → 0

‖Dvvvh −Dvvv‖p → 0

Vitali’s lemma =⇒ˆ
Ω
S(πh,Dvvvh)Dwww →

ˆ
Ω
S(π,Dvvv)Dwww
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Both discrete and contin. solution: A priori error estimates

(qh, divvvvh)Ω = 0 ∀qh ∈ Qh 3 πh

(S(πh,Dvvvh),Dwwwh)Ω − (πh, divwwwh)Ω = 〈−bbb + fff ,wwwh〉 ∀wwwh ∈ XXX h 3 vvvh

A priori error estimates

F(Q) := (1 + |Q|)
p−2

2 Q

d(vvv ,www)2 ∼ ‖F(Dvvv)−F(Dwww)‖2
2

‖Dvvv −Dvvvh‖p . ‖F(Dvvv)−F(Dvvvh)‖2 ≤ c inf
rh∈Qh

‖π − rh‖p′

+ c inf
uuuh∈XXX h,div

(‖F(Dvvv)−F(Duuuh)‖2 + ‖Dvvv −Duuuh‖p)

‖π − πh‖p′ ≤ c‖F(Dvvv)−F(Dvvvh)‖2/p′

2 + c inf
rh∈Qh

‖π − rh‖p′
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