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Outline

I A posteriori error estimates

I Primal problem:

−∆u = f in Ω, u = 0 on ∂Ω

I Complementary problem:

− div y = f in Ω and more

I Error estimate:

|||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

η(uh, yh) = ‖yh −∇uh‖0

I Numerical examples

I Conclusions
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A posteriori error estimates

I GOAL: Solve the problem with prescribed accuracy.

I Adaptive algorithm

1. Initialize: Construct the initial mesh Th.
2. Solve: Find uh on Th.
3. Estimate error: Compute ηK for all K ∈ Th. η2 =

∑
K∈Th

η2
K .

4. Stopping criterion: If η ≤ TOL ⇒ STOP.
5. Mark: If ηK ≥ Θ max

K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.
7. GO TO 2.

I Remark: (see Step 4.)
Guaranteed upper bound: |||u − uh||| ≤ η
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A posteriori error estimates

I GOAL: Solve the problem with prescribed accuracy.

I Adaptive algorithm

1. Initialize: Construct the initial mesh Th.
2. Solve: Find uh on Th.
3. Estimate error: Compute ηK for all K ∈ Th. η2 =

∑
K∈Th

η2
K .

4. Stopping criterion: If η ≤ TOL ⇒ STOP.
5. Mark: If ηK ≥ Θ max

K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.
7. GO TO 2.

I Remark: (see Step 4.)
Guaranteed upper bound: |||u − uh||| ≤ η
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A posteriori error estimates

I GOAL: Solve the problem with prescribed accuracy.

I Adaptive algorithm

1. Initialize: Construct the initial mesh Th.
2. Solve: Find uh on Th.
3. Estimate error: Compute ηK for all K ∈ Th. η2 =

∑
K∈Th

η2
K .

4. Stopping criterion: If η ≤ TOL ⇒ STOP.
5. Mark: If ηK ≥ Θ max

K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.
7. GO TO 2.

I Remark: (see Step 4.)
Guaranteed upper bound: |||u − uh||| ≤ η
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A posteriori error estimates

I GOAL: Solve the problem with prescribed accuracy.

I Adaptive algorithm

1. Initialize: Construct the initial mesh Th.
2. Solve: Find uh on Th.
3. Estimate error: Compute ηK for all K ∈ Th. η2 =

∑
K∈Th

η2
K .

4. Stopping criterion: If η ≤ TOL ⇒ STOP.
5. Mark: If ηK ≥ Θ max

K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.
7. GO TO 2.

I Remark: (see Step 4.)
Guaranteed upper bound: |||u − uh||| ≤ η ≤ TOL
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A posteriori error estimates

I GOAL: Solve the problem with prescribed accuracy.

I Adaptive algorithm

1. Initialize: Construct the initial mesh Th.
2. Solve: Find uh on Th.
3. Estimate error: Compute ηK for all K ∈ Th. η2 =

∑
K∈Th

η2
K .

4. Stopping criterion: If η ≤ TOL ⇒ STOP.
5. Mark: If ηK ≥ Θ max

K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.
7. GO TO 2.

I Remark: (see Step 4.)
Guaranteed upper bound: |||u − uh||| ≤ η ≤ TOL
Guaranteed lower bound: |||u − uh||| ≥ η
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A posteriori error estimates

I GOAL: Solve the problem with prescribed accuracy.

I Adaptive algorithm

1. Initialize: Construct the initial mesh Th.
2. Solve: Find uh on Th.
3. Estimate error: Compute ηK for all K ∈ Th. η2 =

∑
K∈Th

η2
K .

4. Stopping criterion: If η ≤ TOL ⇒ STOP.
5. Mark: If ηK ≥ Θ max

K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.
7. GO TO 2.

I Remark: (see Step 4.)
Guaranteed upper bound: |||u − uh||| ≤ η ≤ TOL
Guaranteed lower bound: |||u − uh||| ≥ η ≥ TOL
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Reference solution (Runge ≈ 1900)

I uh on Th

I urefh on T ref
h

I |||u − uh||| ≈ |||urefh − uh|||

I |||urefh − uh||| small ⇒ |||u − uh||| small.
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Reference solution (Runge ≈ 1900)

I uh on Th

I urefh on T ref
h

I |||u − uh||| ≥ |||urefh − uh|||

I |||urefh − uh||| small ⇒ |||u − uh||| small.
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Reference solution (Runge ≈ 1900)

I uh on Th

I urefh on T ref
h

I |||u − uh||| ≥ |||urefh − uh|||

I |||urefh − uh||| small ⇒ |||u − uh||| small.
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Primal Problem

Strong form.: −∆u = f in Ω ⊂ Rd

u = 0 on ∂Ω

Weak form.: u ∈ V : B(u, v) = F(v) ∀v ∈ V

Lemma: f ∈ L2(Ω) ⇒ ∇u ∈ H(div,Ω)

Notation:

I V = H1
0 (Ω)

I B(u, v) = (∇u,∇v) (p,q) =

∫
Ω
p · qdx

I F(v) = (f , v) (f , v) =

∫
Ω
fv dx

I |||v |||2 = B(v , v)
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Primal Problem

Strong form.: −∆u = f in Ω ⊂ Rd

u = 0 on ∂Ω

Weak form.: u ∈ V : B(u, v) = F(v) ∀v ∈ V

Lemma: f ∈ L2(Ω) ⇒ ∇u ∈ H(div,Ω)

Proof:

H(div,Ω) = {y ∈ [L2(Ω)]d : div y ∈ L2(Ω)}

div y ∈ L2(Ω) ⇔ ∃z ∈ L2(Ω) : (v , z) = −(∇v , y) ∀v ∈ C∞0 (Ω)
div y = z
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Derivation of the estimate
Divergence theorem: v ∈ H1(Ω) y ∈ H(div,Ω)∫

Ω
v div y dx +

∫
Ω
y ·∇v dx −

∫
∂Ω

vy · ndx = 0

Q(f ) = {y ∈ H(div,Ω) : (y,∇v) = (f , v) ∀v ∈ V }

Orthogonality:∫
Ω

(∇u − y) ·∇v dx = 0

∀v ∈ V , ∀y ∈ Q(f )

0 ∇u

y

∇v ∇V

Q(f) [L2(Ω)]d
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Derivation of the estimate
Divergence theorem: v ∈ H1(Ω) y ∈ H(div,Ω)∫

Ω
v div y dx +

∫
Ω
y ·∇v dx −

∫
∂Ω

vy · ndx = 0

v ∈ V , y ∈ Q(f ) = {y ∈ H(div,Ω) : (y,∇v) = (f , v) ∀v ∈ V }

B(u − uh, v) = (f , v)− (∇uh,∇v) + (v , div y) + (y,∇v)

= (f + div y, v) + (y −∇uh,∇v)

= (y −∇uh,∇v)

≤ ‖y −∇uh‖0 ‖∇v‖0

|||u − uh||| ≤ ‖y −∇uh‖0 ∀uh ∈ V
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (A) ⇔ (B)

‖y −∇uh‖2
0 ≤ ‖w −∇uh‖2

0

‖y‖2
0 − 2(y,∇uh) + ‖∇uh‖2

0 ≤ ‖w‖2
0 − 2(w,∇uh)+ ‖∇uh‖2

0
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (A) ⇔ (B)

‖y −∇uh‖2
0 ≤ ‖w −∇uh‖2

0

‖y‖2
0 − 2(y,∇uh) ≤ ‖w‖2

0 − 2(w,∇uh)
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (A) ⇔ (B)

‖y −∇uh‖2
0 ≤ ‖w −∇uh‖2

0

‖y‖2
0 − 2(f , uh) ≤ ‖w‖2

0 − 2(f , uh)
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (A) ⇔ (B)

‖y −∇uh‖2
0 ≤ ‖w −∇uh‖2

0

‖y‖2
0 ≤ ‖w‖2

0
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (B) ⇒ (C)

J(t) =
∥∥y + tw0

∥∥2

0
, J(t) has minimum at t = 0

0 = J ′(0) = lim
t→0

∥∥y + tw0
∥∥2

0
− ‖y‖2

0

t
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (B) ⇒ (C)

J(t) =
∥∥y + tw0

∥∥2

0
, J(t) has minimum at t = 0

0 = J ′(0) = lim
t→0

‖y‖2
0 + 2t(y,w0) + t2

∥∥w0
∥∥2

0
− ‖y‖2

0

t
= 2(y,w0)
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 1: (A) ⇔ (B) ⇔ (C)
Proof: (C) ⇒ (B)

w ∈ Q(f ), ∃w0 ∈ Q(0) : w = y + w0, (y,w) = ‖y‖2
0

0 ≤ ‖w − y‖2
0 = ‖w‖2

0 − 2(y,w) + ‖y‖2
0 = ‖w‖2

0 − ‖y‖2
0
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 2: y = ∇u ∈ Q(f ) is the unique solution of (A)–(C)
Proof:

If y1 ∈ Q(f ) and y2 ∈ Q(f ) satisfy (C):

⇒ y2 − y1 ∈ Q(0) and (y2 − y1,w
0) = 0

⇒ ‖y2 − y1‖2
0 = 0 ⇒ y2 = y1
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The estimator

Definition: η(uh, yh) = ‖yh −∇uh‖0

Theorem: |||u − uh||| ≤ η(uh, yh) ∀uh ∈ V ∀yh ∈ Q(f )

Complementary problem:

(A) Find y ∈ Q(f ) : η(uh, y) ≤ η(uh,w) ∀w ∈ Q(f )

(B) Find y ∈ Q(f ) : 1
2 ‖y‖

2
0 ≤ 1

2 ‖w‖
2
0 ∀w ∈ Q(f )

(C) Find y ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

Lemma 3: η2(u, yh) + η2(uh, y) = η2(uh, yh) ∀uh ∈ V , yh ∈ Q(f )

‖yh − y‖2
0 + ‖∇u −∇uh‖2

0 = ‖yh −∇uh‖2
0

Proof:
‖yh −∇u + ∇u −∇uh‖2

0 = ‖yh −∇u‖2
0 + ‖∇u −∇uh‖2

0

(yh −∇u,∇u −∇uh) = 0
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Equivalent formulations

B(u, v) = (∇u,∇v), F(v) = (f , v), B∗(y,w) = (y,w)

Weak formulation:

(Prim) u ∈ V : B(u, v) = F(v) ∀v ∈ V

(Comp) y ∈ Q(f ) : B∗(y,w0) = 0 ∀w0 ∈ Q(0)

Variational formulation:

(Prim) u ∈ V : J(u) = min
v∈V

J(v), J(v) =
1

2
B(v , v)−F(v)

(Comp) y ∈ Q(f ) : J∗(y) = min
w∈Q(f )

J∗(w), J∗(w) =
1

2
B∗(w,w)

Complementarity of energies:

J(u) + J∗(y) = −1

2
B(u, u) +

1

2
B∗(∇u,∇u) = 0
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Method of hypercircle

y = ∇u

yh

∇uh

Guh

∇V

Q(f) [L2(Ω)]d

Theorem: If

I u ∈ V is primal solution

I uh ∈ V , yh ∈ Q(f ) arbitrary

I Guh = (yh + ∇uh)/2

Then

‖∇u − Guh‖0 =
1

2
η(uh, yh).

Proof:

4 ‖∇u − Guh‖2
0 = ‖∇u − yh + ∇u −∇uh‖2

0

= ‖∇u − yh‖2
0 + ‖∇u −∇uh‖2

0 = ‖∇uh − yh‖2
0
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Handelling Q(f ), d = 2, Ω simply connected

q(x1, x2) = −
(∫ x1

0
f (s, x2) ds, 0

)T

⇒ − div q = f

Q(0) = curlH1(Ω), curl = (∂2,−∂1)>

Q(f ) = q + Q(0) = q + curlH1(Ω)

(Comp) y = q + curl z ∈ Q(f ) : (y,w0) = 0 ∀w0 ∈ Q(0)

(Comp) z ∈ H1(Ω) : (curl z , curl v)︸ ︷︷ ︸
(∇z ,∇v)

= −(q, curl v) ∀v ∈ H1(Ω)
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Error majorants (Friedrichs’ inequality)

Friedrichs’ inequality: ‖v‖0 ≤ CΩ ‖∇v‖0 ∀v ∈ V

Remark: CΩ ≤
1

π

(
1

|a1|
+ · · ·+ 1

|ad |

)−1/2

, Ω ⊂ a1 × · · · × ad

Derivation:

B(u − uh, v) = (f + div y, v) + (y −∇uh,∇v)

≤
(
CΩ ‖f + div y‖0 + ‖y −∇uh‖0

)
|||v |||

|||u − uh||| ≤ η̂(uh, y) ∀y ∈ H(div,Ω)

Majorant:

η̂(uh, y) = CΩ ‖f + div y‖0 + ‖y −∇uh‖0

η̂2(uh, y) ≤
(

1 +
1

β

)
C 2

Ω ‖f + div y‖2
0 + (1 + β) ‖y −∇uh‖2

0

∀β > 0
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Numerical examples

−∆u + κ2u = f in Ω, u = 0 on ∂Ω

Estimators:

η(uh, y) = ‖y −∇uh‖0 y ∈ Q(f , uh)

η̂(uh, ŷ) = CΩ

∥∥f − κ2uh + div ŷ
∥∥

0
+ ‖ŷ −∇uh‖0 ŷ ∈ H(div,Ω)

η̃2(uh, ỹ) =
∥∥κ−1(f − κ2uh + div ỹ)

∥∥2

0
+ ‖ỹ −∇uh‖2

0 ỹ ∈ H(div,Ω)

(MA,TV 2010)

I Based on equilibrated residuals

I Combination of η and η̃

I Explicit formulas for y
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Example 1

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

I Ω = (−1/2, 1/2)2

I f = cos(πx1) cos(πx2)

I u =
cos(πx1) cos(πx2)

π2 + κ2

I CΩ = (π
√

2)−1

−0.5 0 0.5
−0.5

0

0.5
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Example 2

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

I Ω = {(x1, x2) : r < 1}

I f = 1 r =
√

x2
1 + x2

2

I u =
1

κ2

(
1− I0(κr)

I0(κ)

)
for κ > 0

u =
1− x2

1 − x2
2

4
for κ = 0

I CΩ = 1/π

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1
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Example 1
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10
0

10
2

κ

 

 

|||e|||
ηK(τ

(1)
K )

ηK(τ
(2)
K )

ηK(τ∗K)
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10
−1

10
0

10
1

10
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10
3

10
4

10
5

10
60

1

2

3

4

5

κ

Ieff

 

 

|||e|||
ηK(τ

(1)
K )

ηK(τ
(2)
K )

ηK(τ∗K)

Error estimators Effectivity index

Ieff =
η

|||u − uh|||
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Example 2
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Error estimators Effectivity index

Ieff =
η

|||u − uh|||
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Example 1, uniform refinement, κ = 100

11 57 257 1089 4481

10
−5

10
−4

10
−3 κ = 102

NDOF

 

 

|||e|||
ηK(τ

(1)
K )

ηK(τ
(2)
K )

ηK(τ∗K)

11 57 257 1089 4481

1

1.5

2

3

4

5 κ = 102

NDOF

Ieff

 

 

|||e|||
ηK(τ

(1)
K )

ηK(τ
(2)
K )

ηK(τ∗K)

Error estimators Effectivity index
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Example 2, adaptive refinement, κ = 100

10
1

10
2

10
3

10
410

−4

10
−3

10
−2

κ = 102

NDOF

 

 |||e||| adapt. by |||e|||
ηK(τ

(1)
K ) adapt. by ηK(τ

(1)
K )

|||e||| adapt. by ηK(τ
(1)
K )

ηK(τ
(2)
K ) adapt. by ηK(τ

(2)
K )

|||e||| adapt. by ηK(τ
(2)
K )

ηK(τ∗K) adapt. by ηK(τ∗K)
|||e||| adapt. by ηK(τ∗K)

Convergence. Estimators (dotted lines) and true errors (solid lines).
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Example 2, adaptive refinement, κ = 100

10
1

10
2

10
3

10
4

1

1.5
2

5

10

20

30 κ = 102

NDOF

Ieff

 

 |||e||| adapt. by |||e|||
ηK(τ

(1)
K ) adapt. by ηK(τ

(1)
K )

ηK(τ
(2)
K ) adapt. by ηK(τ

(2)
K )

ηK(τ∗K) adapt. by ηK(τ∗K)

Effectivity indices.
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Example 2, adaptivity driven by true error

κ = 100

Step 3 Step 7

Step 5
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Example 2, adaptivity driven by ηK (τ
(1)
K )

κ = 100

Step 3 Step 7

Step 5



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Example 2, adaptivity driven by ηK (τ ∗K )

κ = 100

Step 3 Step 7

Step 5
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Generalizations

I General elliptic problem (nonsymmetric)

I Elasticity

I Stokes problem (incompressible viscous fluids)

I Variational inequalities

I Nonlinear problems (special)

I Differential equations of higher order

I Equations with curl

I Linear evolutionary problems

I Optimal control
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1947 W. Prager and J.L. Synge

1957 J.L. Synge

1971 J.P. Aubin and H.G. Burchard

1976- I. Hlaváček (M. Kř́ıžek, J. Vacek, J. Weisz, . . . )

2000- S. Repin (S. Korotov, J. Valdman, S. Sauter, M. Frolov, . . . )

M. Vohraĺık (R. Fuč́ık, I. Cheddadi, M.I. Prieto, . . . )
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Conclusions

|||u − uh||| ≤ η(uh, yh)

I Guaranteed upper bounds

I Optimal y solves a complementary problem

I Postprocessing of ∇uh
⇒ fast algorithms for yh (many open problems)

I uh ∈ V arbitrary
⇒ including algebraic errors, quadrature errors, human errors
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