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A posteriori error estimates

» GOAL: Solve the problem with prescribed accuracy.
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» Adaptive algorithm

1. Initialize: Construct the initial mesh 7.
Solve: Find up on Tp.

Estimate error: Compute 7k for all K € Tp. 0 = Y. n%.
KETh
Stopping criterion: If n < TOL = STOP.

Mark: If nx > © maxnkx = mark K. 0<oex<l
KeTh

Refine: Refine marked elements and build the new mesh 7j,.
GO TO 2.
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Reference solution (Runge ~ 1900)

v

up on Tp

v

ref ef
up on Tpr

llu = unll > N — upl

v

uef — upll small = |lu — up|| small.
h
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Primal Problem

Strong form.: —Au=f inQcR?
u=0 on 0

Weak form.: wve V: B(u,v)=F(v) VveV

Lemma: f € L?(Q) = Vue H(div,Q)

Notation:
- V= H®)
> B(u,v) = (Vu, V) (p,q)zjﬂp-qu
> F(v) = (f,v) mnzémw

> [IVI? = B(v.v)




Primal Problem

Strong form.: —Au=f inQcR?
u=0 on 0

Weak form.: wve V: B(u,v)=F(v) VveV

Lemma: f € L?(Q) = Vue H(div,Q)

Proof:
H(div, Q) = {y € [L2(Q)]9 : divy € L%(Q)}

divy € 12(Q) & 3zel%(Q) : (v,z) =—(Vv,y) Vve Q)
divy =z



Derivation of the estimate
Divergence theorem: v € H1(Q) y € H(div,Q)

/vdivydx%—/y‘Vvdx—/ vy -ndx =0
Q Q o0

Q(f) ={y € H(div,Q) : (y, Vv) = (f,v) VveV}

Orthogonality:

/(Vu —y)-Vvdx=0 Q) L)
g Vv e V, Vy € Q(f)
Yo
B Vo VV




Derivation of the estimate
Divergence theorem: v € H1(Q) y € H(div,Q)

/vdivydx%—/y‘Vvdx—/ vy -ndx =0
Q Q o0

veV, yeQ(f)={y e H(iv,Q):(y,Vv)=(f,v) VveV}

B(u— up,v) = (f,v) — (Vup, Vv)+ (v,divy) + (y, Vv)
(f +divy,v) +(y — Vup, Vv)
( Vuh,Vv)

<ly- VUh”o ||VV||0

lu—unll <lly = Vunlly  VuneV



The estimator

Definition:  n(up,yn) = |lyn — Vus||y
Theorem:  |lu — up|| < n(un,yn) Yupb € V. Vy, € Q(f)

Complementary problem:

(A) Findy € Q(f) : n(un,y) < n(up,w) Yw € Q(f)
(B) Findy € Q(f) : 1 yll3 < 3IIwll} vw € Q(f)
(C) Findy € Q(f) : (y,w®) =0 vw® e Q(0)
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2 2
ly = Vupllg < [lw — Vupllg

Iyllo < [Iwllg



The estimator
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I+ 26y w) + £ WG — Iyl

0=J(0) = = 2(y,w°)

t—0 t



The estimator

Definition:  n(up,yn) = |lyn — Vus||y
Theorem:  |lu — up|| < n(un,yn) Yupb € V. Vy, € Q(f)

Complementary problem:
(A) Findy € Q(f) : n(un,y) < n(up,w) Yw € Q(f)

(B) Find y € Q(f) : 3 |lyllg < 3 Ilwll5 vw € Q(f)
(C) Findy € Q(f) : (y,w’)=0 vw®ec Q(0)

Lemma 1: (A) & (B) & (Q)
Proof: (C) = (B)
2

weQ(f), Ww°eQ(0):w=y+w’ (y,w)=]lylg

2 2 2 2 2
0 < [lw—ylig = llwllg — 2(y, w) + llyllo = llwllo — llyllg



The estimator

Definition:  n(up,yn) = |lyn — Vus||y

Theorem:  |lu — up|| < n(un,yn) Yu, e V. Vy, € Q(f)
Complementary problem:

(A) Find y € Q(f) : n(un,y) < n(up,w) Yw € Q(f)

(B) Findy € Q(F) : 3 Iyl3 < 2wl vw € Q(f)

(C) Findy € Q(f) : (y,w®) =0 vw® e Q(0)

Lemma 2. y = Vu € Q(f) is the unique solution of (A)—(C)
Proof:

If y; € Q(f) and y, € Q(f) satisfy (C):

= y2 —y1 € Q(0) and (y2 — y1,w’) =0

= ly2—yill5=0 = y2=w1



The estimator

Definition:  n(up,yn) = |lyn — Vus||y

Theorem:  |lu — up|| < n(un,yn) Yupb € V. Vy, € Q(f)

Complementary problem:

(A) Findy € Q(f) : n(un,y) < n(up,w) Yw € Q(f)

(B) Find y € Q(f) : 3 |lyllg < 3 Ilwll5 vw € Q(f)

(C) Findy € Q(f) : (y,w®) =0 vw® e Q(0)

Lemma 3: n?(u,yn) + 7 (un, y) = 0°(un, y) Vup € V, yp € Q(f)
lyn = ylig + IVu = Vunlg = llyn — Vunll3

Proof:

lyn = Vu+ V= Vuplg = llyn = Vullg + [ Vu = Vuy|lg
(yh — Vu,Vu—Vu,) =0



Equivalent formulations

B(u,v)=(Vu,Vv),  F(v)=(f,v),  B(y,w)=(y,w)
Weak formulation:

(Prim) weV:B(u,v)=F(v) VveV

(Comp) y € Q(f): B(y,w®) =0 Vvw® € Q(0)

Variational formulation:
1
(Prim) wveV:J(u)= mi\r} J(v), J(v)= EB(V, v) — F(v)
ve
1

(Comp) yeQ(f):J(y)= min J*(w), J*(w)==B"(w,w)

weQ(f) 2
Complementarity of energies:

1 1

J(w)+ S (y) = —EB(U, u) + EB*(VU, Vu)=0



Method of hypercircle

Q(f)
y

Theorem: If

» u € V is primal solution

> up €V, y, € Q(f) arbitrary

> Gup = (yn + Vup)/2 y=Vu un VV
Then 1

[Vu—Gupllg = En(uh,Yh)-

Proof:

4(|Vu—Gupl]2 = |[Vu—yh+ Vu— V|3
— | Vu—yul2+ | Vu— V|2 = [|[Vup — a2



Handelling Q(f), d = 2, Q simply connected

X1 T
a(X]_,X2) = — </ f(S,XQ) dS,O) = —divg="f
0

Q(0) = curl H(Q), curl = (95, —01) 7
Q(f) =q+ Q(0) = q + curl H}(Q)
(Comp) y=q+curlze Q(f): (y,w®) =0 vw®c Q(0)

(Comp) z€ HYQ) : (curlz,curlv) = —(q,curlv) Vv € HY{(Q)
~—_———
(Vz,Vv)



Error majorants (Friedrichs’ inequality)
Friedrichs’ inequality: [[v], < Cq||VV]l, VveV

1/1 1\ Y2
Remark: CQ§<+----|-> ., QCaix---Xay
UBNEN |ad|

Derivation:
B(U — Up, V) = (f + diVy, V) + (y - VU/’M VV)
< (Callf +divyllg + lly = Vunllo) VI
lu = unll < 9(un,y) Vy € H(div, )
Majorant:
N(un,y) = Ca |If +divyllg + Iy — Vsl

- 1 )
R(umy) < (1 i 5) B IIF +divylZ + (1 +5) lly — V|2
V3 >0



Numerical examples

—Au+rPu=f inQ, u=0 ondQ
Estimators:
W(Uh,Y) = Hy - VUhHO ye Q(fa Uh)

ﬁ(uhv/y\) = CQ Hf - /{2Uh + le/y\Ho + ||/y\_ Vuh”O /y\ € H(dIV,Q)
~ ~ _ .o~ 12 ~ ~ .
P (up,y) = ||x7H(F = KPup+divy)||y + Iy — Vuslly ¥ € H(div, Q)

(MA,TV 2010)
» Based on equilibrated residuals
» Combination of n and 7

» Explicit formulas for y



Example 1

—Au+ru=Ff inQ
u=0 on o

v

Q=(-1/2,1/2)?

05

» f = cos(mxy) cos(mxz)

cos(mxy) cos(mxz)
72 + K2

Co = (1v2)7!

> u=

v

-0.5
-0.5 0 0.5




Example 2

“Au+ru=Ff inQ
u=0 onof2

v

Q={(x1,x):r<1}

f=1 r=/x?+x3
1

v

1 lo(kr)
»UZ/<;2<1_IO(/<J)> fork >0
W22
u:7X14 2 fork=0 0

v
X
Il
—_
~
3
&
0




Example 1
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Example 2
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Example 1, uniform refinement, x = 100
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Example 2, adaptive refinement, x = 100

o 102 —Jlell adapt. by [e]
k 1 &)
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1
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Convergence. Estimators (dotted lines) and true errors (solid lines).



Example 2, adaptive refinement, x = 100
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Example 2, adaptivity driven by T]K(TS))
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Example 2, adaptivity driven by nx(75)
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Generalizations

> General elliptic problem (nonsymmetric)

» Elasticity

» Stokes problem (incompressible viscous fluids)
» Variational inequalities

» Nonlinear problems (special)

» Differential equations of higher order

» Equations with curl

» Linear evolutionary problems

» Optimal control
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Conclusions

llu = unll < nlun, yn)

v

Guaranteed upper bounds

v

Optimal y solves a complementary problem

v

Postprocessing of Vuy,
= fast algorithms for y, (many open problems)

v

up € V arbitrary
= including algebraic errors, quadrature errors, human errors



Thank you for your attention
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